e
2
%
a7
m
Z
<
=
<
N

DERIVATIVE

g daala
Aopmuntig) A3 40
ddal) 3 3gaY) acd

A A sl



DERIVATIVE

The derivative of a function represents the rate of change of one variable with

respect to anothemwariable

DEFINITION The derivative of a function f at a point x;. denoted f'(xp). is

v S+ h) — flxg)
f'(xq) = ,!T:) W

provided this limit exists.

Differentiation Rules
|- Derivative of a Constant Function If f has the constant value f(x) = c, then,




EXAMPLE: Find the derivative of (a) f(x)=7 b) f(x)=-32 (c) flx)=4/7

Solution:

@ =7 =0
® = (-32)=0

© 3@/ =0

2- Derivative of a Positive Integer Power

If n is a positive integer, then,

d
—x" = nx"!

dx
EXAMPLE Differentiate the following powers of x.

(a x* (b) x*? (c) xV2 (d) ;L- (e) x 473 " Vx**

Solution

@ LG = 350t = 32

M) L) = 2wt = Zews

(c) '(g{_(xvi) = \/2xV2-1

(d) %(ﬁ"—) » g—t—(x“‘) = —dx¥! = —4xd = -:;-%

(e) %(x“‘/-‘) = —%,\—-(4/3)-1 - _%x—‘}/s

() %(\/xz_*") - %(xlﬂﬂ/ﬂ) - (l + %)xl+(w/‘2)—l = %(2 + PN




3- Derivative Constant Multiple Rule

If u is a differentiable function of x, and c¢ is a constant, then,

du
T =
EXAMPLE:
d . ,
. 2) = My =
dt(3x) 3:2x = 6x

d 4 1= —1.9y=_du
d—x(-“)_dx( l-u) = ldt(u)— e

4- Derivative Sum Rule

If uand y are differentiable functions of x, then their sum u + y is differentiable at every point where vand y are both
differentiable. At such points,

EXAMPLE: If y=x"+12x, find dy/dx
Solution:

d'
d—:\r:%(x‘) +%(l?_x)=4x3 + 12



7- Derivative Product Rule

If v and vare differentiable at x, then so is their product uv, and,

) dv i du
—wWw)=u—+v—-—
dx dx  dx
EXAMPLE Find the derivative of (a) y = _lx(.tz +e). (b) y= e
Solution

(a) We apply the Product Rule with u = 1/x and v = x* + e
d .'.( 2 L 09| = _I-(o + e') + (x2 + ¢Y) ) ‘/l ) = "‘, .
dx| X oy R =iy X + e R B iy R _tz dx dx dx
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(b) ﬁ(el‘) = a‘%(c"-e‘) =gt gr(e) + et (e = 2¢ - e* = 2e"

dx
EXAMPLE

Solution
(a) From the Product Rule with u = x* + 1 and v = & + 3, we find

Find the derivative of ¥ = (x* + I)(x* + 3).

i

L2+ e+ ) 4 o) = u B

3x* + 3x2 + 2 + 6x
Sx¥ + 3x2 + 6x.

]

(x2 + 1)(3x%) + (x* + 3)(20) 2 vy = u %

fu
and

, du
Vs

EXAMPLE Find the derivative of the polynomial y = x* +
Wy _d, df4,\_d d
Solution P EX + T 3,\’ - 5(53’) + 5
=3x2+%-2x—5+()=3x2*§x—5

5- Derivative of the Natural Exponential Function

d
Sy °4 W
dx(e) e

6- Derivative of the Natural Log Function

d 1
dx X

oo | =

=5+ 1.

(1 Sum and Difference Rules



8- Derivative Quotient Rule

If v and v are differentiable at x and if u(x) # 0. then the quotient «/v is differentiable at x, and

du dv

“ d\ “dx
d.v:

ld

EXAMPLE

[

Find the derivative of (a) v = s —

- 2+ 1 m)y e
Solution

(a) We apply the Quotient Rule withu = 2 — l and v = # + |
dy @+ D-2t— (> — 1)-32 d(_.,] vidu /dfy — uldv/di)
dr @ + 1)2 dar\? v?
_ 2t + 2t — 3% + 382
B  + 12
_ 1 +3r +2
G

9- Derivatives of Trigonomeiric Functions

o ST —
== (sinx) cos x
B. d—-(cosx):——sinx

d =
. —(tan x) ==sec”® x
D. —(cotx)= —csc® x
dx
d
E. —(secx)=secxtanx
dx
= d

= (cscx) = —cscxcot x
>



10- Derivatives of Inverse Trigonometric Functions, Hyperbolic Functions, and Inverse Hyperbolic
Functions

Inverse Trigonometric Functions

d

] —| T e— ————— 1 T e cr—

ax (sin" ' Xx) m I (cos ' x) : -

d - | d i’ |
— (l: n ! x) = — (SCC 1 =
dx "' ) | + x2 dx (sec %) |.t|\/x§ =)

d =3 I d et |
—— - ‘ .t — — ~ —— ‘- -~ J — —

I (co ) " _ e (csc ' x) |¥| e

Hyperbolic Functions

7 PR, (O e

pr (sinh x) = coshx s (coshx) = sinhx

a (tanh x) = sech? x -‘-l-(x'cch x) = —sech x tanh x
dx dx 5 :

d (coth x) = —c¢sch® x d (¢sch x) = —c¢sch x coth x
dx dx

Inverse Hyperbolic Functions

e 1 d g |
—=(sinh™' x) = ——== -(cosh™ x) = —=—
dx VI + 32 dx -1

| d L . |
T dx(sech X) A

I PO S

d s d o |
—(coth™'x) = ——(csch™x) = —
dx dx x| V1 + x2

| — x?



11. The Chain Rule

A. Definition: Suppose that fog is the composite of two differentiable function y=f{u) and u=g(x).
Then fog is a differentiable function of x whose derivative at each value of x is:

dy dydu '
O 4%~ du ax (Fog) (x) = f'[g(x)]-g'(x)

B. Generalized Formulas: Let u be a differentiable function of x,

d du
1. — L P g cses
dx(u) ru ¥
2. i(s'nu)=c:0$ug
dx dx
d du
3. —( uw = -—-sinu—
cOSs snu )

4. i(tanu) = sec‘?uﬂ
dx

S. -g-(com) = —csctu
dx

dx
d du
6. —(secu) =secutanu—
dx ( ) dx
7 o (cscu) = L

dx dx




