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EXAMPLE The function

"~

is the composite of ¥y = flu) = u

and u = g(x) = 3x> + 1. Calculating derivatives, we
see that

ay du
= e S 2u - 6x

= 2(3x2 + 1)-6x Substitute for u«
= 36x° + 12x.

Calculating the derivative from the expanded formula (3x2 + 1)? = Ox* + 6x2 + 1 gives
the same result:

dy d 5
dx—dx(()x"+6x + 1)
= 36x° + 12x.

The derivative of the composite function f(g(x)) at x is the derivative of f at g(x)
times the derivative of g at x. This is known as the Chain Rule -

EXAMPLE Differentiate sin (x* + €*) with respect to x.,
Solution We apply the Chain Rule directly and find

‘%sin(.rz + ') = cos(x? + )+ (2x + &').
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EXAMPLE Differentiate y = %%,

Solution Here the inside function is u = g(x) = cos x and the outside function is the
exponential function f(x) = €. Applying the Chain Rule. we get

9-: = i(e“’") = e“”‘-i(cos;x) = &£ IN(—sinX) = —e™ sin X

dx dx dx i St i 3

we see that the Chain Rule gives the formula

d du
‘—[;_e" el o
EXAMPLE
Ay — . d 2y _ 5o
dt(e“ ) i (x<) 2xe* .
EXAMPLE Find the derivative of g(r) = tan(5 — sin 21).

Solution Notice here that the tangent is a function of 5 — sin 2r, whercas the sinc is a
function of 27, which is itself a function of r. Therefore, by the Chain Rule,

- e, Ll. -— 1
g2'(D p (tan(S sin 21))

- a d . Dernivative of tan o with
= sec™(S — sin 20 - (S — sin 20 w— S — sin2s
Dernmvative of S — san o
= seci(5 — sin 20)- (0 — cos 21~ %(21)) \;u{h .-," . 21 .

= seci(S — sin26)-(—cos 21 -2
= —2(cos 2 sec (S — sin 210).



EXAMPLE

%(Sﬁ ) = 5 x‘)"%(sﬁ — )

= 7(5x3 — x*)¥(5+3x> — 4&x*
= 7(5x* — x*)%(15x% — 4x°)

EXAMPLE

b & I S, W & . ~1
dx\3x — 2) d\'(3x 2)

Power Chain Rule with
n=53—-x4n=17

)

~d Power Chain Rule with
= —1(3x — 2)"’5(3-‘ — 2) u 3x 2. n 1
= —1(3x — 2)3(3)
NUOSP | S
Gx — 2)?
EXAMPLE
d s 2 o Power Chain Rulc with « sin x. n
I(“-'ns"‘) = Ssin*x- zsnnx boecause sin™ x means (sin x)*, n
= Ssin*xcosx
EXAMPLE
d pio 1 d 1 2x
L2 +3)=5——- T +3)=5——7"2x= :
dx "> ) x2 + 3 dx % ) R R S v

5.



12. Implicit Differentiation

d
A. Procedure: Given an equation involving xand y, and assuming y is a differentiable function of x, we can find dl as
X

follows:

1. Differentiate both sides of the equation with respect to x.

d
2. Collect all terms involving ay on the left side of the equation, and move all other terms to the right side of

the equation.

d
3. Factor -&Z out of the left side of the equation.
X

d d
4. Solve for Exx by dividing both sides of the equation by the left-hand factor that does not contain ﬁ X

EXAMPLE: Find dy/dx if y*=x

Solution:



EXAMPLE

x> + y* — Oxy

d . .3 U PR LS 3
Pt +drh ) A (9xyv)

dx

dv
2 K. ! e 4B
3Ix* -+ 3y Ix 9( = P—— /

d\'
(3y2 — Ox) == + 3x2 — Oy

d‘~
3(y% — 3x) -

dx

Dafferentiate both sades
with respect to x

Treat xv as a procduct and »
a8 o functzon of &

Solve Tor dy /dx,



EXAMPLE: If y=3x"+15x-3, find dydx’

Solution:

d
FY =%eain
dx

d?y
dx?

=6
EXAMPLE: If y=2/47 find d°y/dx’

Solution: % =2(—2x"3) = —4x~3

d?y 12

iy ™Y i s S
dx2 = —-4(—3.7( ) = 12x = F




EXAMPLE: If y = sin?2x, find &y/dx¥’

Solution:

d—i’ = 2sin2x(cos2x).(2) = 4sin2xcos2x

d2

o T 4[sin2x(—2sin2x) + cos2x(2cos2x)] = —8sin? 2x cos2x + 8 cos® 2x

EXAMPLE: If y = Inx?, find &y/dx’

Solution:
dy 1 5 _2x 2
dx  x’ x_x?-—x
2
y e ~ -2
P= 2(—1.X 1 1)=—2x 2=?



