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Lecture 4

A second order O.D.E is called linear if it can be written:
F(x) = y"+Px)y +Q(x)y
o If f(x) = 0— Homogeneous (Homo)

o [ff(x)#0 — Non-homogeneous (Non Homo)

y'+5y'+3y=0 Homoo.

y' 4+ 5y = e *cosx Non Homo.

y'+ay +b.y=0 ,a,b = constant

Solution

1) Find characteristic equation:

Lety’ =D y" = D2
2) y=e®
EX1:

D— b+ Vb2 — 4ace
B 2a




34 4/32 —4(1)(—4)

D=
2(1)
D— 3++/9+ 16
N 2
Do 34425
2
D— 3+5
2
¢ First root:
3+5 2
D = 2 —5—1
* Second root:
Dy — 3 5: 8: 4
2 2

There are three cases in solving D.E
Case I: Has Two real roots (different)
Solution:

GS y=CleP* 4 (C2eP?*

EXZ2: solve D.E. y'"—4y=0
y' =D
D>?—4=0->D?>=4 - D=4+2 - Dl1=+42,

GS y=Cle** + C2e™%*

D2=-2




D1 =D2

Solution:

GS y=CleP* 4+ C2eP* xx

y=C1eP™ 4+ (C2 x eP1*

EX3: Find the general solution of y""+8y'+16y=0
m?+8m+16=0

(m+4)(m+4)=0

ml=m2=—4

y=Cle™ + C2xe™ ™

D=atBv-1
D=atBi

GS y=C1le**sinB(x)+ C2e* cosB(x)

EX4: Solve D.E
y'+2y"+5y=0

D?+2D+5=0

N b%? —4AC
- 24




D=
2
vV —16 = 4y
244y 149
D=-1+2v-1
D=-142i

G.S y=C1e**sinB(x) + C2 e**cosB(x)

G.S y=Cle *sin2(x) + C2 e *cos2(x)

Application 1: Damped Vibrations

(mass) dlisdl ;.
(damping coefficient) dpexil Joloos :c
(spring constant) oyl culi:k e




EX5: A mass-spring-damper system consists of a mass m= 2kg, a damping
coefficient c=8 N-s/m, and a spring with stiffness k=32 N/m.If the mass is
displaced and released, determine the displacement x(t) as a function of time.

Sol:

1% d
m (d; —l—cd%:—l- kx=10

Given the differential equation for a mass—spring—damper system:
2x" +8x"+32x =0

Dividing through by 2:

x"+4x"+16x =0

r’4+4r+16=0

b+ +/b? — 4dac
T =
2a
Here:
a=1,b=4, ¢=16
4+ /48

2
VA48 = /48 j = 4V/3j

4+ 44/3j

r=_--—
2

r= -2+ 23j

r=—2+2/3j




General solution:

z(t) = e *(C} cos(2v/3t) + Cy sin(2V/3t))

ﬁmework: \

For each of the following problem find the general solution of the differential
equation:

y'+2y'+2y=0

y'—6y"+9y =0

y"'+2y'—4y=0 ; y'(0) =-6 and y(0) =6
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