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Lecture 4 

Second order linear equation with constant coefficients 

A second order O.D.E is called linear if it can be written: 

𝑭(𝒙)  =  𝒚′′ + 𝑷(𝒙)𝒚′ + 𝑸(𝒙)𝒚 

 If  f(x) = 0 →  Homogeneous (Homo) 

            If f(x)≠ 0     → Non-homogeneous (Non Homo) 

For example 

𝒚′′ + 𝟓𝒚′ + 𝟑𝒚 = 𝟎                    𝑯𝒐𝒎𝒐. 

𝒚′′ + 𝟓𝒚′ = 𝑒−𝑥𝒄𝒐𝒔𝒙               𝑵𝒐𝒏  𝑯𝒐𝒎𝒐. 

 

1- Homogeneous Linear D.E with constant coefficient 

𝑦′′ + 𝑎. 𝑦′ + 𝑏. 𝑦 = 0         , 𝑎, 𝑏 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

Solution 

1) Find characteristic equation: 

Let 𝑦′  = 𝐷                         𝑦′′  = 𝐷2 

2)  𝑦 = 𝑒𝐷𝑥 

EX1:    

𝒚′′ + 𝟑𝒚′ − 𝟒𝒚 = 𝟎   

 𝐷2 + 𝟑𝑫 − 𝟒 = 𝟎   

      



 

 

 

There are three cases in solving D.E 

Case I: Has Two real roots (different) 

Solution: 

G.S        y = 𝐶1 𝑒𝐷1𝑥 +  𝐶2 𝑒𝐷2𝑥 

 

EX2:   𝒔𝒐𝒍𝒗𝒆   𝑫. 𝑬.     𝒚′′ − 𝟒𝒚 = 𝟎  

 𝑦′  = 𝐷 

𝐷2 − 4 = 0 →  𝐷2 = 4   →   D= ±2          →      𝐷1= +2  ,     𝐷2= -2   

G.S        y = 𝐶1 𝑒2𝑥 + 𝐶2 𝑒−2𝑥 

 



Case II : Has same double roots  

𝐷1 = 𝐷2 

Solution: 

G.S        y = 𝐶1 𝑒𝐷1𝑥 +  𝐶2 𝑒𝐷1𝑥  ∗ 𝑥 

y = 𝐶1 𝑒𝐷1𝑥 + 𝐶2 𝑥 𝑒𝐷1𝑥  

EX3:   Find the general solution of 𝑦′′+8𝑦′+16𝑦=0 

𝑚2 + 8𝑚 + 16 = 0 

(𝑚+4)(𝑚+4)=0 

𝑚1=𝑚2=−4 

y = 𝐶1 𝑒−4𝑥 + 𝐶2 𝑥 𝑒−4𝑥 

 

Case III: Has two complex roots 

D = a±B √−1  

D = a±B 𝑖 

G.S        y = 𝐶1 𝑒𝑎𝑥𝑠𝑖𝑛𝐵(𝑥) + 𝐶2 𝑒𝑎𝑥𝑐𝑜𝑠𝐵(𝑥) 

 

EX4:   Solve D.E   

𝑦′′ + 2𝑦′ + 5𝑦 = 0 

 𝐷2 + 2𝐷 + 5 = 0 

𝐷 = −𝑏  ±
√𝑏2 − 4𝐴𝐶

2𝐴
   

a=1,b=2,c=5 



 

D = -1±2√−1  

D = -1±2𝑖 

G.S        y = 𝐶1 𝑒𝑎𝑥𝑠𝑖𝑛𝐵(𝑥) +  𝐶2 𝑒𝑎𝑥𝑐𝑜𝑠𝐵(𝑥) 

G.S        y = 𝐶1 𝑒−𝑥𝑠𝑖𝑛2(𝑥) + 𝐶2 𝑒−𝑥𝑐𝑜𝑠2(𝑥) 

 

Application 1: Damped Vibrations 

 

  

 

 

 



EX5:    A mass–spring–damper system consists of a mass m= 2kg, a damping 
coefficient c=8 N⋅s/m, and a spring with stiffness k=32 N/m.If the mass is 
displaced and released, determine the displacement x(t) as a function of time. 

Sol: 

 

Given the differential equation for a mass–spring–damper system: 

2𝑥′′ + 8𝑥′ + 32𝑥 = 0  

Dividing through by 2: 

𝑥′′ + 4𝑥′ + 16𝑥 = 0  
 

𝑟2 + 4𝑟 + 16 = 0  
 

 

 



 

 

 

 

Home work: 

For each of the following problem find the general solution of the differential 

equation: 
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