GAMMA FUNCTION
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Lecture 9

Let (x) be a real number that is not zero or a negative integer. Then the gamma function
that denoted by(r ), Is defined as:
— [ x—-1,-t
r(x)= [, t*te”fdt ... (1)
Note that the above integral is not defined for all values of x. In fact we can only say that

I'(x) is defined everywhere except at (0) and for negative integers.

+* Properties of gamma function
1- TI'(x+1) =xI'(x)
Proof:
I'(x) = fooo t* e tdt

Use integration by parts to obtain

fvdu:uv /udv.

u=1t* dv=e'dt = du=zt"dt, v= e,
o0 o0 -
(z+1)= f tfe tdt = [—tTe 3 4 f zt*le Tt dt
0 0
The boundary term is zero (since t*¢ ¢ — 0 ast — 0 and
t — 00).

[(z+1) = m[ t" le7tdt = 2T ()
0

Note:

F'(n+1)=nl(n)
I'n+2)=Mn+1)T'(n+1)
I'n)=(n—1)I'(n—1)




2- r(1) =1

Proof:

Substitute & = 1:
ok o0
1‘(1):[ tite dt:[ et dt
0 0

Now integrate:

Therefore,

= (- =0 - (D=1

T(1) =1

3-I;) =Vn




4-T'(n) = (n—1)!

Proof:

I'(z) = /‘mt”"_le_tdt_
M(z+1)=2zT(z)

Take n = 1:

I‘(l):f eldt=1=0
0

r2)=1-I@1) =1
r'(3)=2-T(2) = 2!

I'(4) =3-T(3) = 3!

['(n) =(n— 1)!

Ex1: Evaluate I'(8)
Sol:

['(n) =(n— 1)!
rg)y=@8-1)!="1

71=7-6-5-4-3-2-1

T(8)=5040




. r'(6)
Ex2: Evaluate 2T @)

re)  (6-1! s
2T(3) 2-(3-1)! 2.2!

5!'=5-4-3-2-1=120, 2!=2
So:

5! 120 120
2-2! 2.2 4

Ex3: Evaluate

L(7)
30(4)

I'(7)=6!=720, I'(4)=3'=6

720 _ 720 40
3 x6 18
NGO

3T(4)




Ex4: Using definition r(5)
Sol:

r'(5) = f tte ldt

0

I'(5) =4I'(4) =4-30'(3)=4-3.2I'(2) =24-1 =24

co 3 _
Ex5° Evaluate Jo X € dx
Sol:

By compression with the general Gamma equation
rix) = fom t*"le~tdt

Then we find that

o0

r(4) =f x* e ¥dx
0

= fomx3e_xdx

= 3!




Ex6: T3
2

I(z+ 1) = z'(x)

()
"(3)- b
Ex7:I‘§

H.w: Evaluate:
112
2

I(8)

4r1(5)
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