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Lecture 10

The method of Laplace transforms is a system that relies on algebra (rather than calculus-

based methods) to solve linear differential equations. While it might seem to be a

somewhat cumbersome method at times, it is a very powerful tool that enables us to readily

deal with linear differential equations with discontinuous forcing functions.
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Definition: Let f(t) be defined for t > 0. The Laplace transform of f(t) denoted by

F(s) or L{f(t)}, is an integral transform given by the Laplace integral

Example

Solution
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Example
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L{f(©)} =F(s) = | f(t)e-sdt
0

1: Find the Laplace transform of f(t) = c, where c is a constant.
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2: Find the Laplace transform of L{1}

Solution:
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Table of Laplace Transforms
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Example 3: Find the Laplace transform of:
1. f(t)=e 2 +t>—4.
2. f(t) = sin 2t — cos 2t.

Solution:
1. L{e 2 +t> —4} =L{e %'} + L{t3} — L{4)

1 r+1) 4
s+2Jr s3F1 g
1 31 41 6 4
s+2 st s s+2 st s

2. L{sin2t — cos 2t} = L{sin 2t} — L{cos 2t}

F(s) =

F(s) =




Example 4.

Solution:

F(£) = e + sin(2t) — %

1
™ f, —3t e
{e™) s+ 3
L{sin(2t)} = —
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F(s) = SR
(5) s+3+32+4 2s
Example 5:
Solution:

f(t) =4cos(3t) +t
s 4s

e L{4cos(3t)} =4- T

1
4s 1
F(s) = s2+9 2




Some Properties of the Laplace Transform
1.If L{f(t)} = F(s),then L{t"f(t)} = (=1)"F®(s).
2.1f L{f(t)} = F(s),then L{e% f(t)} = F(s — a)

Example 6: Find Laplace Transform of

1.f(t) = t%e? 2.f(t) = e tsin2t

Solution:
2 S
4ty =
1i L{e*} —
L{t2e%} = (=1)2F"(s) = d—z (1—) (by property 1)
ds?\s — 4

=%((s:14)2)=(s—24)3

We can solve this example by using property 2 as follow:

2! 2
L{tz} = F = ?
2

L{tze4t} — (S — 4)3

2. L{sin2t} = SR,

L{e~tsin2t} =

b 2
GrD2+4 (by property 2 )




Example 7: Find Laplace Transform of

Find L{te %'}

i
L e—2t =
L s+ 2
1
So F(S) = 312
Now since we have t!, we take one derivative, and multiply by (—1)! = —1:

. d 1
Bjge ™ J= ds (s =F: 2)

i (373) =06 =

Example 8: Find Laplace Transform of

L{t%e '}
Step 1: Laplace of
2
L{t2} = ?

Step 2: Multiply by e ! — shift s — s + 5:

2

Ifpe g = (s +5)3




In this lecture we look at the problem of finding inverse Laplace transforms. In other

words, given F(s), how do we find f(t) so that F(s) = L{f (t)}.

Definition: The inverse Laplace transform of F(s), denoted by L '{F(s)}is the
function f(t) defined for t > 0 and satisties L{f ()} = F(5s).

Example o: Find the Inverse Laplace Transform of

1 s+ 2 s+1
1. F = — 2. F = 3. F =
() =573 ) =553 &) =512
Solution:
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1 L—l{ [ — p— 2t
S+ 2 €
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' s2+4) 7 (s2H4 s244

—L—l{ 4 }+L—1{ 2 }— 2t + sin 2t
B Y sZ 44y cosetTSIm

s+ 1
824512

s°+s—12=(s+4)(s—3)




s+1 A n B
(s+4)(s—3) s+4 s-3

s+1=A(s—3)+ B(s+4)

s+1=As - 3A+ Bs + 4B

s+1=(A+ B)s+(-34+4B)

A+B=1
-3A+4B =1
From the first equation: A =1~ B

Substitute into the second:

~3(1-B)+4B =1

-3+3B+4B =1

4
TB:4:>B:?

Then:
A1 2.3
7T 7
3/7  4)7
F(s) = =2t =%
(s) 153
1 4 1
Fl&)=757at75-3




Example 10: Find the Inverse Laplace Transform of

)
s2+ 45+ 13

Solution:
12 ~ 12 ~ 4x3
TN T
s2+4s+ 13 s2+4s+4+9 (s+2)2H+9
:4L—1{ }:4 ~2tsin 3t
+22+9) - 0
NOTE: i

_ a b .

Example 11: Find the Inverse Laplace Transform of

)
s3+s
Solution:
S | _A+Bs+C_A32+A+BSZ+Cs
s3+s s(s2+1) s (s2+1) s(s2+1)
(A+B)s®+Cs+A=1
A=1, C=0 and A+B=0= B=-1
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s+b
(s+b)*+a®

o o
(s+b)*+a?
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Numerator

Constant

Constant =

a

s+b

Constant =

a
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Time-Domain Function
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ke~ %
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e~ cos(at)

e % sin(at)

tn
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H.w.1: Find Laplace Transform of

1- L {t?e3t}

2- L{e ?cos (3t) }

3-f(t)=t* — 5e~t + sin (3t)

H.w.2: Find Inverse Laplace Transform L~1of

S—2

(5-2)2+9

2

“ 5oy
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