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Lecture 13

One-dimensional heat flow equation:-

solution of a boundary-value problem by separation of variables. Consider a thin rod
length L, with initial temp. f(x) through out and whose ends are held at temp, Zero for all
time t > 0 (homog.) , then the temp. u(x, t) in the rod is determined from the boundary —

value problem

%: 2% u(0,t) =0, u(L,t)=0
u(x,0) = f(x)
Solution:
Letu(x,t) = X(x)T(t),
du_ oo,
dt
2
S =X"T
XT' =C*X"T
L S Constant =k
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k :{ 0 } A% : real separation constant
— )2
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boundary condition




Casel if k=0

TI XII T’
= x =0 2 =0T =0

jT’ dt =0 -T=C

XTzO - X'"=0 - [X'"dx=0 -X =C(1

[X'"dx=fC1 - x=Clx+ C2

u(x,t) = X(x)T(t)
=(Clx+ C2) C-u(x,t) = C3x+ C4

B.C J (C3,C4 <l &l o e dany

B.C
u(0,t) =0 » 0=0+C4 > C4=0 - u(xt)=C3x
u(l,t)=0 » 0=C3L+0->C3=0 - u(x,t)=0

Case Il if k= 2% (k>0)

== 5> =2 o5 [T=[c?)0dt
InT = C22%t +C1

T = gC? APt +C1 -

292
eC Mt eCl LetA; =eCt
T=A4, e 2t
&

))((_=}\2 5> X' — A2X=0-> m?2-A2=0-o>m= +21

X(X) = Cl 87‘X + Cz e_}\X
u(x, t) = X(x)T(t)
— (Cl e?xX + CZ e—?xX)Al eCZ A%t

u(x, t) — eCZ A%t (A e?xX +B e—AX)




B.C

u(0,t) =0 - eCZAZt(A +B)=0->A4+B=0 - B =-4
u(L,t) =0 - eczkzt(A e -Ae M) =0
ﬁAeCZAZt(eAL—e‘M)=O -

Either e -e™ =0 -5 2A=0

Or A=0- u(x,t)=0 -B=0

Case Il if k=-A% (k<0)

== 5> —=-C2N 5 [T=—[C?Ndt
InT = —C? A%t +C1
T = e~ C?A%t+C1 = ,—C?A%t  ,C1 | ot A, = eC1

T= Al e_CZ A%t
&

=2 5 X'+ X2X=0-5 m24N2=0 >m= £

X(x)=Cy Cos Ax + C, Sin Ax
u(x,t) = X(x)T(t)
= (C; Cos \x + C, Sin \x YA, e~C* 2t
u(x,t) = e €2t (A Cos Ax + B Sin Ax)
B.C
242 242
u(0,t) =0 » e Mt (A+0)=0->A4e Mt =05 A=0

u(l)=0 - e CXt(0+BSinAL)=0 >B=0, SinAL %
- AL=nmn n=0,%1,+2,4£3,.......

_nT[
L

n2.m?

—c?( ) -
ulx,t) = e ( L? ) * B Sin (—)x




EX1: For the 1-D heat equation on
U =C% Uy, 0<x<IL, t >0.

The ends of the rod are held at zero temperature: u(0,t) =0, u(L,t) =0 fort = 0,and

the initial temperature along the rod is u(x, 0) = f(x),

0<x<L

Find the temperature distribution u(x, t) using the method of separation of variables.

Sol:
u(x,t) = X()T(1),

where X depends only on x, and T depends only on t.

u, = XT'(b), Uy, = X'T(t).
XT' =C*X"T

Tz =% = Constant =k

C2T X

}\2
k = { 0 } 7\2 : real separation constant
— )2

Casel if k=0
T2:X_=0 - TZ =0 -»>T' =0
cT X c2r

jT’dt=0 >T=A




144

&XT=O - X'"=0 - [X'"dx=0 ->X =B

[X'"dx=fB —-> x=Bx+D

u(x,t) = X(x)T(t)
=(Bx+ D) A

B.C
u(0,t) =0 - (B.0+ D)A =0 Since A#0 would give a nontrivial product,

we get D=0

e u(l,t)=XL)T(@)=0=(BL+0)A=0=B =0.

Thus X=0 and u=0. So no nontrivial solution arises in the k=0 case (except the trivial
zero solution).

Case Il if k= 2% (k>0)

T! x'! T/ 252
T x A= czr 2o T= A et
&
X”

—=2 > X' - 2¥X=0-> m*-2=0->m= %A

X(X) = Bl e}LX + BZ e_)\X
u(x,t) = X(x)T(t)
u(x,t) = (By e’ + B, e ™) 4, eC* A7t

B.C

242
u(0,t) =0 - (Bl +Bz)A1€C)\t=O—>(Bl +B,)=0- B, =-B4
242
u(lL,t)=0 » A; et V(B eM -B e M) =0

242
SAB et Mt (eM e y=0 o

Either e -e ™ =0 S A=0butA1>0




Or Bi=0- u(x,t) =0 - B»=0
Sowediscard k > 0

Case Il if k =—-A% (k<0)

== 5 —=-C2R o> [T=—[C2Rdt
InT = —C? 2t +C1

_r29H2 _r29H52
T =e¢ C?xt+C1:e C?xt.eCl LetA:eCl

T=Ae €Mt
&

X(x) =B Cos Ax + D Sin Ax

u(x,t) = X(x)T(t)

= (B Cos \x+ D Sin \x )A e~ C* 1"t

u(x,t) = Ae C**t (B CosAx + D SinAx)
B.C

242
2(0,)=0 » Ae Y (B.1+D.0)=0->Be Xt =0 5 B=0

242
w(lL,t)=0 » Ae " (0+DSinAL) =0 - DSinAL = 0
- AL=nm n=0,%1,+2, £3,.......

_nn
L

n2.m2

-C?}(——|t N
u(x,t) = e < L? ) * A Sin (—)x




Apply the initial condition u(x, 0) = f(z):

flz) = iA“ sin(?),

n=1

so the Fourier sine coefficients are

9 L
An:f/n f(s)sin(?)ds, n=12,...
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