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Lecture 14

Solving Nonlinear Equation

Nonlinear Equations

Root r

1 Given function f, we find value x for which f (x) =0
[1 Solution x is root of equation, or zero of function f
[1 So problem is known as root finding or zero finding
[1Single nonlinear equation in one unknown, where f: R->R
Solution is scalar x for which f(x) =0
[1System of n coupled nonlinear equations in n unknowns, where
f:R">R"

Solution is vector x for which all components of f are zero simultaneously, f(x) = 0

1- Simple Iteration Method

Introduction

In engineering applications (such as heat transfer, fluid flow, and refrigeration
systems), we often encounter nonlinear equations of the form:

f(x)=0

These equations usually cannot be solved analytically, so we use numerical methods.
One of the simplest numerical methods is the Simple Iteration Method, also called the
Fixed-Point Iteration Method.




Basic Idea of Simple Iteration

The main idea is to rewrite the nonlinear equation:

f(x)=0
into an equivalent form:

x = g(x)
If x = a is the solution, then it satisfies:

a=g(a)

Such a value is called a fixed point.
Starting from an initial guess xy we generate a sequence:
Xn+1=9(x,),m=0,1,2,..

If the method converges, the sequence approaches the true solution.

Convergence Condition
The Simple Iteration Method converges if, in a neighborhood of the solution:
lg'(x) 1< 1

« If] g'(x) I< 1— convergent
« If |1 g'(x) |= 1— divergent or unstable

This condition is very important in engineering calculations.

General Algorithm (Steps)

1- Start with a nonlinear equation f(x) = 0
2- Rearrange it into the form x = g(x)

3- Choose a suitable initial value x

4- Compute:

Xn+1—9 (xn):

ol
1

Repeat until:

| Xn+1 — Xpl<e

where € varepsilon € is a small tolerance (10™%)




EX1: Use the Simple Iteration Method to find an approximate solution of the nonlinear

equation:

starting from xy=1.

Check convergence

Forxz ~ 1:

The method is convergent

=(z+ 1) =(1+1)=

Iteration 1:
Iteration 2:

= (2, + 1)1/ “
Iteration 3:

= (22 +1)/* =
Iteration 4:

= (z3+1)Y3 =

9(z) =

x3-x—-1=0

T = (w * 1)1/.'"3

(z + 1)/3

Xn+1 = (xn + 1)1/3

2173 2 1.2599
= (1.2599 + 1)1® = 2.2599'/% ~ 1.3123

(1.3123 + 1)Y/® = 2.3123'° ~ 1.3247

(1.3247 + 1)/3 = 2.3247"/% ~ 1.3279




Iteration x,

Xq 1.0000
X4 1.2599
X2 1.3123 - . - . wrlo. w T LDt TR

P VS Cana LaS B ja S s adll) (i (3LAN () Baadd s Adadla
X3 1.3247 .
X4 1.3279

|z3 — 25| = [1.3247 — 1.3123| = 0.0124

|24 — 3| = [1.3279 — 1.3247| = 0.0032
dad AUy Lo saiyy

X = 1.328

EX2: Solve the nonlinear equation: x — cos(x) = 0 using Simple Iteration Method.

starting from xy= 0.5

Sol:

x = cos(x)

Xn+1 = cos(Xy)

Xo=0.5
1. z; = cos(0.5) ~ 0.8776
2. o = cos(0.8776) ~ 0.6390
3. 23 = cos(0.6390) ~ 0.8027
4. x4 = cos(0.8027) ~ 0.6948
5. 25 = cos(0.6948) ~ 0.7682
6. ¢ = cos(0.7682) ~ 0.7192
7. 7 = c0s(0.7192) ~ 0.7524
8. xg = co0s(0.7524) ~ 0.7301 X = 0.739
9. 9 = cos(0.7301) ~ 0.7451
10. z19 = cos(0.7451) ~ 0.7356 This is the approximate solution
11. 211 = cos(0.7356) ~ 0.7418
12. 212 = cos(0.7418) ~ 0.7372
13. 213 = cos(0.7372) ~ 0.7391




2- Newton-Raphson method

Definition (Newton’s Method):

The Newton Raphson method is a powerful and well known method

for solving equations numerically. It is based on the idea of linear
approximation. Usually converges much faster than the linearly convergent
methods. Newton method is an iterative method, meaning that it repeatedly
attempts to get better approximations to the desired root. Instead of just
computing f(x) the derivative f'(x)also calculated. it is assumed that the
next estimate of the root (solution), is where the tangent crosses the x axis.
The values of f(x) and f'(x) are calculated and the process repeated until
it converges.It is an open method because initial guess of the root that is
needed to get the iterative method started is a single point. While other
open methods use two initial guesses of the root but they do not have to
bracket the root.

slope = /" (x,)—_

-

Figure: Newton Raphson method

The Newton-Raphson method is a numerical technique used to find roots of a
nonlinear equation:

fx)=0

It is faster than simple iteration and requires the derivative of the function.




Where:

e I, = current approximation
e I,.1 = nextapproximation

e f'(x,) = derivative of f(z) at x,,
Stopping criterion:

Tnt+1 — Tn| < tolerance

Steps:

1. Choose an initial guess x.
2. Compute f(x;,) and f '(x;,)
3. Apply the formula:

f (@)
f'(za)

LTn+l = Tn

4. Repeat until [x,,41 — x,, | is very small

EX3:Use the Newton-Raphson Method to find an approximate root of
fxX)=x2-2=0

starting from x,=1.

Sol:

fx)=x2-2=0

f'(x) = 2x

Apply the Newton-Raphson formula




f(@a)

TS )
x2 — 2
Il =Ly — —
2x,
[ ] :E[J j— 1
« #=1-12-1405=15
2
o xp=15- 522 = 1.4167
_ 1.4167°-2
_ 1.4142°-2 _
o @y = 14142 — L2 g 4149

24 — 3| 2 0.0000 < 0.001
8 i) LSl 131 s 5 pam Ba (el 30 (e (3l

X = 1414

This is the approximate solution

EX4:Use Newton’s Method to approximate the cube root of 5. Choose x,=2.

Sol: The cube root of 5 is the solution to the equation; x3 =5 > x=3/5

x3=522f(x)=x3-5=0

Fx) = 322
o f(ifn) _ m-:r]a 5
Tpi1 = Iy f"(l'n) =TIy, 32:?1
x0=2
93 _ 5 8—5
e iy — SR —9-2"°_9_ 025=1.75

f’(.’.ﬂ(}) 3 . 22 - 12




flz1) 1.75° — 5

To = I Pz = 1.75 3.1752 ~ 1.71088435
z3 = T ]{,((Z)) ~ 1.71088435 ;:7(11?3%22135; ~ 1.70997642
24 = 3 % ~ 1.70997642 ;‘_7(01?3(7)833242)52 ~ 1.70997594
x5 }]%% ~ 1.70997594 (;"7(01?%2332:;4')25 ~ 1.70997594

At this point, the difference between x5 and x4 is extremely small.

/5 ~ 1.70997594

H.W: Solve x* — x — 7 =0 by the Newton-Raphson method, correct up to
6 significant digits. Let x, = 1.5

3-Finite Difference Methods Overview

Finite difference methods approximate derivatives by using discrete points.
They are commonly used for solving differential equations numerically, but
they can also be applied to nonlinear equations in various contexts.




In finite difference methods, we replace derivatives with difference quotients. For example,

the first derivative of a function f(z) at a point & can be approximated as:

e Forward difference:

f,(IE) s f((l) % h’}z - f(m)
e Backward difference:
fl(m)f"\-’f(m)_i(z_h)

e Central difference:

Here, h is a small step size.

Summary of Method:

1. Start with initial guess x
2. Compute f(z,,)

3. Approximate derivative using finite differences:

L h) — Iy
Flen ~ Lt~ So

4. Update using Newton-Raphson formula:

LTpt1 = Tp — f’(il? )
n

5. Repeat until convergence




Ex5:

Solve:
f(:z:)::zr2 -2=0

e The solution is obviously v/2 &~ 1.4142, but we'll solve it numerically.
e |Initial guess: g = 1

» Step size for finite difference: h = 0.001

. Newton-Raphson formula with finite difference

o f(mn) / b f(mn + h) N f(xn.)
s B f,(l'n)’ f (mn) o h
1-
flzo) = f(1)=1°-2= -1
f(zo + h) = £(1.001) = (1.001)* — 2 =~ 1.002001 — 2 = —0.997999
, ~0.997999 — (—1)  0.002001
~ — =2001
£ @) 0.001 0.001 =
f(z0) =4,
=g — =1- —— ~ 1+ 0.4998 = 1.4998
1 & f’(:l:()) 2.001 W
2-

f(z1) = (1.4998)% — 2 ~ 2.2494 — 2 = 0.2494

f(z1 + h) = (1.5008)> — 2 ~ 2.2524 — 2 = 0.2524

.. 0.25240.2494
Pz ) 0.001 -

flz) ~0.2494
o) 1.4998

3.0

~ 1.4998 — 0.0831 = 1.4167

Ty = I —




Ty = Ty —

f(z9) = (1.4167)% — 2 ~ 2.0069 — 2 = 0.0069

f(z2 + h) = (1.4177)* — 2 ~ 2.0100 — 2 = 0.0100

0.0100 — 0.0069
! - —
f(z2) 0.001

() _ | 41er . 0-0069

f’({l?g) 3.1

3.1

~ 1.4145

I3 = T2 —

f(z3) ~ (1.4145)% — 2 ~ 0.0007

.o f(1.4155) — f(1.4145)
fles) ~ 0.001 i

F(=3) 14145 — 90007 o1 4149
F'(z3) 2.83

r~1.4142




1Thank You
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